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THE PRESENT THERMAL STATE OF THE TERRESTRIAL PLANETS

D. C. TOZER

The University, Newcastleupon TyneNEJ 7RU, England

It is suggestedthat the thermal state of bodies can only be predictedon conduction theory arguments.For bodies in the
properly discussedas an aspectof their internal dynamics.The rangeof sizesof the terrestrialplanets,theviscosity—temperature
presentpaperattemptsto do this for bodiesofroughlymeteoritic relationshipplaysa dominant role in setting the absolutetern-
compositionin therangeof sizesof planetaryobjects.Therheo- peratureof the centralregions.The magnitudeof the velocity of
logical behaviourof planetarymaterialis assumedto berepre- internalmotions,thenon-hydrostaticstressesandviscositywithin
sentedby a Newtonianviscosityvaryingexponentiallywith tern- the convectivezonesare relatively insensitiveto the choice of
perature,and only the consistencyof this assumptionwith the materialparametervalues. Thesederived quantitiesare in sub-
elastic view of the planetsis considered.It is shownthat for the stantialagreementwith valuesassignedfor the Earthon thebasis
whole rangeof physicallyplausiblevaluesof the material para- of variousobservations.The role of phasechangesin limiting the
meters,the temperaturedistribution associatedwith a solution radial scaleof motionsand the casefor consideringthermal
to the problem of internal dynamics for bodieswith external problemsas steadystateproblemsis discussed.
radii larger than about800 km departssignificantly from that

1. Introduction mostmaterialsandtheinequality ‘local temperature<

characteristictemperature’ appearedto serve as a
In a recentpaper(TOZER, 1972)concerningthe ther- criterionof ‘solidity’ in theabovesense.

mal state of the Moon, I expressedthe opinion that Two questionspromptus to reexaminethis approxi-
reasonablesuccessin understandingenergytransferas mation. The first, entirely theoreticalin nature,gives
heatin material systemsof laboratoryandtechnologi- us good a priori groundsfor rejectingany suchlocally
cal size had, over the years,closed our eyes to the defined criterion as a properly formulatedcondition
approximatenatureof certainkey ideasused in those for truncating a set of coupled partial differential
applicationsof thetheory. Whensuchapproximations equations (expressingenergy, mass and momentum
were inadvertentlyappliedto the studyof really large conservationfor a continuum) to a single equation.
systems— of which we may regardplanets as an in- Coupledpartial differential equationsimply that the
terestingobservablesample— not only wasthere the valueof any one field variableat a particularpoint,e.g.
possibility of greatnumerical error, but also a mis- the velocity vector V, dependson valuesof the other
direction of effort to elucidatequestionsthatwerenot field variables everywhere. It follows that any trial
necessarilyimportantin this newdomain.Forexample, solution of theseequationswith V = 0 (equivalentto
an analytical simplification, hallowed only by long the truncation)canonlybesustainedby somecondition
experiencewith small scaleproblems,wasto spawna on the associatedsituation existing throughout the
singledifferentialequationfor temperature,a truncated entire system.1,2 In reexaminingthis problem,one of
version of an equation expressingconservationof our aims must be a better understandingof how a
energyduring its transfer,anddescribeit as governing

Symbolsareexplainedat theend.
aseparateprocess(heatconduction)of energytransfer 2 It is often difficult to find wordsthat do justiceto this “global”

for matterin the ‘solid’ state.Thesuccessof this approx- aspectof transferproblems.Explanationsof motion,for example,

imation as a physical theory could be attributed to that involve a conceptualdivision of the system— this portion
pushes/pullsthe rest,oftenbegthequestionand, in this case,just

the fact that simpleempiricalproceduresestablisheda , ,
confuseones understandingof Newton s third law applied tocharacteristictemperaturefor a ‘small’ quantity of the internalforces.
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locally definedcriterion for truncationworksaswell as the simplestcontinuummechanicaltheory that inter-
it does— at least,for ‘small’ systems. prets and predicts selectedobservableor potentially

Thesecondquestion,appearingin a particularguise observableaspectsof a system.Justasaninterpretation
with this ‘solidity’ criterion, concernsthe natureof the of laboratory observationsthat uses thesetheories is
restrictionsplaced on the form of a continuumme- not andcould neverbetestedon a point to point basis
chanical theory for a large systemby physical data throughoutthe system,so one mustresist the tempta-
obtainedfrom verysmallspecimensofit. Thismatteris tion to demandthis of a larger system. Insteadof
controversialand I can only outline the factors that thinking of propertiesas intensivevariables,they only
have influenced my choice of approach.One’s first havemeaningwith respect to a certain body of data
reactionis to taketheprinciplethat the whole is deter- and to a certain theory. The remark that we do not
minedby thesumof its partsveryliterally, andstriveto know the propertiesof a systembeforehandin order
measurethe propertiesof as many handy sizedspeci- to developthe ‘correct’ theory of its behaviouris as

mens as possible.The utter impossibility of achieving meaninglessfor a planet as it is for a laboratory
significant coverage,evenfor planetEarth, is generally specimen.
recognised,butwhatis not so obviousis that problems
comparablein difficulty to computing the specimen 2. Choice of material models for the terrestrial planets
behaviourfrom atomic propertieswould be experi- Although the aboveapproachsets no limit on the
encedin usingsuch information for planetarymodels. choiceof a theory from the innumerablenumberthat
The crucial points to note here are that individual arecompatiblewith thegeneralprinciplesof continuum
specimendataare necessarilyincomplete as well as mechanics(seee.g.TRUESDELL andNOLL, 1965),abrake
impreciseandthe form of the conservationequations on idle speculationand a natural order in which to

that result if laboratoryobservationsare interpreted investigatethesetheoriesis set by two considerations.
with continuummechanicsdoesnot admit any precise Thefirst recognisesthatconfidencein a predictionis
length scaling. To emphasisethe magnitude of the increasedif one realisesthat it is insensitiveto the
problem this makes, considera set of geometrically possible details of a model, and therefore special
similar bodies formed by the aggregationof systems significance attaches to those particular continuum
identical to an observedspecimen.Then one can ex- mechanicaltheoriesthat representa limiting form for
pectthe responseof such‘homogeneous’bodiesto the a hostof specialtheories.It is assuchlimiting formsfor
particularintensiveboundaryconditionsthat hadbeen the ‘small’ and the ‘slow’ deformation of materials
usedtoassignspecimenpropertiestochangeprogressive- with fading memory of their pastconfigurationsthat
ly as the scalefactor is increasedand to depend on moderncontinuummechanicsviews linear viscoelastic
propertiesof the materialthat were unassignedor un- andviscouscontinuumtheories(TRUESDELL andNOLL,

detectablefor the original specimen.It is very easyto I965).~This also accountsfor their widespreadutility
misconstrueempirically assignedparametersas values in experimental science and technology. What is
of intensive variablesand forget that they owe their meant by ‘small’ or ‘slow’ dependson the level of
very existenceto a processthat cannot be justified a approximation that is tolerable; but in choosingto
priori — the choiceof a particularcontinuummechani- investigatethe thermalstateof the terrestrialplanetsas

cal theory.3 an aspectof the theory of their slow deformation,we
Thesedifficulties of scalinghaveconvincedme that mustrememberthat seismology,throughits assignment

one has to use a logically equivalentapproachfor all of elastic parameters,hasdemonstratedthat planetary
systemsregardlessof their size. The aim is to devise

~ Of course,both classicalelasticitytheory and Newtonianvis-
It is just the successof scaling laboratory data by factors coustheories can be placed under the headingof linear visco-

utterly trivial to thosecontemplatedin planetaryphysics e.g. in elastictheories,but the explicit referenceto a linear (Newtonian)
engineeringpractice, that has createdthe belief that material viscous theory conveysthe fact that the viscoelasticityof these
propertiesareintensivevariables.This wasforcibly broughthome materials itself has a specific limiting form for slow deforma-
to me when attemptingto assessthe conceptof a finite yield tion. I am not aware that a comparativelyrigorousproof exists
strengthfor a planetcomposedof materialfor which a low stress for the Fourier law of heat conductionas a limiting form but
thermally activatedcreepprocesshad beenpostulated. suspectthat onecan be found.
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materialhasa finite memory(in the abovesense),and it towardsthe boundariesof the region. I havechosen
this couldrevealitself if the solutionsto theNewtonian as coordinatesof this representativepoint:
viscousproblemdevelopparticularfeatures.Necessary — 3 3 ‘cm3 A — 20
conditionsfor theconsistencyof viscoussolutionswith P — . g, 2 — 5 - 1 —

K =10 cm/s, B =10 s C
seismologyarethat theviscousstrainbeverysmallin a — 2 < io-~°C~1 C — 0 2 K1
time t = 1j/[L andthat ~be much longerthantheperiod ~ ~~~-15 if’ 3 .

H — 5 x ~., ca
1cm s, TM — 1 50 K,

of seismic disturbances.The first of theseconditions
C = 0.2 cal/g C, 1~ = 0.3 cm,

may alternativelybe written: viscous stress .~ ~t. I’ / — io—~
The other considerationattempts to give proper 2 — cm.

weight to theideaof physicalplausibility. Forthe same It would now seemthat we haveonly to find the
reasonsthat the incompleteresults of laboratoryex- completesolution of the conservationequationsthat
perimentcannotbe translatedinto relevantplanetary result from this description of planetarymatter (to-
data,one cannotarguerigorously in the reversesense, gether with Poisson’sequation for the gravitational
butclearly theideaof physicalplausibility is concerned potential)in a simply connectedregion on which iso-
with the resultsof attemptingto do so. Ratherthanex- thermal andstressfree boundaryconditionshavebeen
cludingcertainplanetarytheories,the ideaof physical imposed,and for which the total massand angular
plausibility only suggestsa priority for investigationof momentumcorrespondto the variousplanetaryvalues.
thosemodelsthat incorporatelawsofmaterialbehavior Parametervalueswould thenbe varied aboutthe re-
(constitutiverelations),which if alsoappliedto systems presentativepointin thehopethataninterpretationand
of laboratoryscale, give solutions not in qualitative predictionof planetaryobservationscould be made.
disagreementwith our generalempiricalknowledge. Such an obviousapproachis unacceptableon several

With theseideasin mind,let usfirst examinetheslow counts.It is grosslyinefficient sincegreat labour and
deformationof planetswhosematerialpropertiesare expenseis devotedto finding details of a solution that
definedby particularnumericalvaluesof the quantities can only be comparedwith observationin a few re-
p, K, ~, H, C~,and for which the kinematicviscosity spects.Although this doesnot seemto havedeterred
dependson temperaturethrough equations of the those who publish pictures of convective flows in
form: planets,what is much more seriousis that they con-

v = v0 T eATMT, (1) vincethemselvesandothersthatthey areatleastsolving
2 one particular model with a wealth of detail. Any

v0 = B [+11(1+tanh C(TM —T)+12] . (2) . .

thoughtful fluid dynamacistknows that his subjectis
We may take this definition of planetary material full of solutions that bear no resemblanceto the ob-
propertiesby the elevennumbersp, K, c~,H, Ci,, A, B, served situation, and the respectabilityof fluid dy-
C, TM, 11, 12 as a statementof homogeneityand the namical theoryhasonly beenpreservedby the know-
absenceof pressureeffects.The casefor droppingeither ledge or suspicionthat the boundary conditions do
of theseassumptionswill be considered,but for the not specify a unique solution in those cases.Non-
momentwe are concernedto acquire generalinsight uniquenesshas profoundconsequencesfor themanner
aboutsolutions of the slow deformationproblem for in which researchon planetarydynamics should be
planetswith the minimum of analyticalcomplexity. conducted. In the first place, it is self deluding for

theoreticiansto continuea programmeof researchthat
3. Analysisof models in effectignoresthe tremendousdiversity of convective

Ourinitial taskis to usetheideaof physicalplausibil- flows seenin laboratorysystemsthat comeclosestto
ity to identify a regionof this materialparameterspace simulating a planetary situation. Secondly,just as I
which has first priority for investigation.Ratherthan havesuggestedwe rid our theoreticalmethodsof dis-
explorethe whole of this region, wemustbe contentto tortions arising from the particular spatial scale of
selecta particular representativepoint within it and humanexistenceso we needto remind ourselvesthat
examinehow the solutionschangeasthe point defining our view of planetarybehaviourandourjudgementof
materialpropertiesmoves in certain ‘directions’ from the importantunsolvedproblemsof planetaryscience
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is continuallydistortedby the easewith whichabsurdly nota solution for thesehomogeneousbodiesunlessthe
detailedandcomprehensivespatialmapscanbe made angular momentumis zero (Von Zeipel’s theorem).
for anepochthat is utterly trivial indurationcompared However, the fraction of the heat source density
with the time scales of dynamical behaviour. For (= w2/2irGp) that is effective in driving a meridional
planetaryphysiciststo usethe indeterminacyinherent circulation is small (< 5 x l0~) for the terrestrial
in the non-uniquenessof the dynamicalproblemin an planets,and we may neglectthis contributionto the
attemptto interpretemorethana tiny fraction of what totalvelocity field unlessit is subsequentlydemonstrat-
has and could be observedwould be equivalent to ed that only a similar or smallerfraction of the heat
concerningthemselveswith the details of the atmo- sourcedensityis effectivein driving any othermodeof
spheric weather for a particular day. As suggested convectionat finite speeds.It may be mentionedhere
elsewhere(TOZER, 1970), the planetary physicist re- that althoughw2/(2ir G p) is small, it is still very large
quires, in contrast to the geologist, simple effective comparedwith a measureof the purely dynamical
methodsof evaluatingaspectsof a convectionpro- effects of rotation (the effective Taylor number
blem that have little dispersionfor the possibly large v2 w2 L4 for the solutionsgivenbelowis 10 16) It
ensembleof solutions that satisfy the field equations is thereforesuchindirect effectsof rotation6that offer
and boundaryconditions5. Only such invariant fea- the besthopeof accountingfor anysuggestionthat the
tures of the solutions can be meaningfully compared direction of tectonic masstransfer is correlatedwith
with certainaspectsof our snapshotview of theplanets. planetaryrotation.

Anticipating the results of many calculationsgiven To the same order of approximationinvolved in
below,onecanmakeanimportantsimplificationin our neglectingmeridional circulation, one can neglectthe
descriptionof the models.Although it is necessaryto ellipsoidalshapeof theexternalsurfacein the dynamic-
use expressionsof at least the complexity of eqs. (1) al problem.A verycrude calculationof the buoyancy
and (2) to give a theoretically complete account of forces that could arise in any body with material
the slow deformationof matter under the variety of parametersnear the representativepoint suffices to
conditionsone might expectto encounterwith plane- show that the viscous stressesare extremely small
tary models,my experienceof calculatinghorizontally comparedwith the hydrostaticportionof the stressat
averagedcharacteristicsof the steadystatesolutionsfor virtually all interior points. We can therefore,to an
planetarymodelswithmaterialparametersin thephysic- excellent approximation,impose the isothermal and
ally plausiblevicinity of the representativepoint in- no-stressconditionson a sphericalsurfaceand treat
dicatesthat the valuesofjust K, ~, H, C~,ATM (~ E/k) any departuresfrom hydrostatic shapeas a height
and~ B l~(~ v

0) effectivelydeterminetheseaspectsof function mappedon this surfaceor that of the hydro-
the solutions.Thesesix parameterswill henceforthbe static ellipsoid.
usedto characteriseplanetarymaterial,and one need It is now a simple matter to write down as a trial
only return to the more elaboratespecificationwhen solution the steadytemperaturefield correspondingto
demonstratingthat the methodsof calculationI use no motion throughoutthe sphere.However,just be-
give resultsin substantialagreementwith observationif causewe now seestateof restor conductionsolutions
appliedtolaboratorysize systems,andin a sensesuper- as trial solutionsto a classof problemsfor which the
cedethe criterion of ‘solidity’ describedabove, uniquenessof the solutionsis unprovable,we haveto

My first stepis to enquirewhetherthe equationsand demonstrateas a necessarycondition for physical
boundaryconditionscan be satisfiedwith a velocity observabilitythat they are stableto (at least)infinite-
field correspondingto simplerotation — the hydrostatic simal perturbations.This has been investigated as
theoryof thesemodel planets.In a strict sensethis is follows (seealsoTOZER, 1967): Foranysphericalregion

concentricwith the external surfaceandof radiusA,
In his concern with short term projections from an elaborate

statementof “initial” conditions,theclassical geologistplays a form the dimensionlessquantity (‘Effective’ Rayleigh
role analogousto theweatherforecasterin atmosphericphysics.
Thispicture is somewhatconfusedby the unprecedentednumber 6 The latitudinal dependenceof temperatureon the externalsur-
of “geophysicists”who now concernthemselveswith this geo- face when the angularmomentumvector is not in the orbital
logical problem. planeis another.
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SEKHAR, 1961).I haveusedRa~= 2.8x l0~asa typical
iii- value.

8- Thiscondition of stability for the steadystateof rest
solutionsenableus to divide our modelsinto twoclass-

Ra~ eson thebasisof their size. It may beshownthat if the
2 material parametershave values plausibly near the

representativepoint, onlybodieswithexternalradii less
1 2 thanabout 800 km satisfy the condition for stability.

-~ 1~ 2000 One may sayof such objects that they lack sufficient
R

1 112 internal energy sourcesto enter a dynamic
8 evolu-

~(km) tionary stageof development.Their evolutionis just a
Fig. I. The RayleighnumberRa(4)asafunctionof thechosen small contractioninducedby the decayof their heat
radiusA. Curve 1 is for a body (R 1000 km) that only just sources.As onemight expect,it is the fateof eventhe
goesunstable,and curve 2 would correspond,for example,to a largestbodies to become ‘dead’ in this senseif their
larger body (R 1000 km) with the same material parameters.

heat sourcesdecay, but we shall see that even for

number) modelsof thesize of the Moon(radius 1740km) this

g ~ A3 (AT) quiescentstagecanbe delayedmuch longerthan the
Ra(zl) = , presentageof the solarsystem.Thesesmallobjectsare

K VM interestingin thatof all bodiestheycarry tracesof the

whereg is a gravitationalaccelerationcharacteristicof conditionsexisting at their birth the longest — both
the chosensphere(e.g.~ it p G A) andVM themaximum internallyandin theexternaltopography.Forexample,
value (found at r = A) for the kinematic viscosity early thermal conditionsexisting in the solar system
within the chosenregion. AT is the temperaturediffer- are,if at all, best preservedin the larger bodies that
ence betweenthe centreand the surfacer = A, cal- havestableconductionsolutions.
culatedfrom the stateof restsolution7. If For the larger bodies in which Ra(zI) exceedsRa~

g(A) ~A3 (AT) (often by enormousfactors)for a finite rangeof A, the
Ra(4)= A temperaturefield canonly be computedalongwith the

ic v( ) velocity field inside the sphere.It is for these bodies

wherev(A) is the kinematicviscosity valuecorrespon- that laboratoryexperimentsuggeststhat many spatial
dingto thestateof rest temperatureat r = A, is plotted details of the velocity field canbecomeessentiallyin-
asa function of A, we getthetypical curveshownin fig. determinatethrough a very high degreeof non un-
1. As a testof stability, I usetheconditionthat themaxi- iquenessof the solutionsto theconservationequations.
mumvalueof Ra(A) belessthana certainnumberRae. This is particulariy stronglyindicatedif the solution of

Although onemay anticipatethatanexactstatement the convectionproblemindicatesthat masstransferis
of the stateof reststability conditionfor thesemodels effectively confinedto a region much broaderthan it
would be morecomplicatedthanthis, oneis temptedto is deep.Whenwe cometo considertheintroductionof
usesuchacriterionbecauseit is knowntobe aprecisely physically plausibleeffects of pressureon the material
correct form to use for constant viscosity spheres. parameterscharacterisingthe presentset of modelswe
Certainly it is reasonableto supposethat a sufficient shallseethat onemayreasonablyinfer thatmasstrans-
conditionfor stability could be expressedin this form. fer is so confinedif the externalradiusof theplanetary
Thereis no pressingneedto find an exactvalueforRa~ modelsignificantlyexceedsabout3000 km. Fortunately
sincecalculationhasshownthat theconclusionsof this these same laboratory experiments have indicated
paperare not significantly affectedby choicesof Ra~ that some quantitiesassociatedwith strongly driven
that differ by quite largefactorsfrom the exactvalues
computedfor constantviscosity spheres(CHANDRA- It may be shown that the meridional currentsalreadyreferred

to are so slow for thesesmall bodies that they have negligible
~ Note that Ra(A) is a globally definedaspectof the stateof rest effect in disturbing the stateof rest temperatureprofile — their
solution, velocitiesare generally<l0~ cm/s.
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Fig. 2. Thetheoreticallyderivedfunction M = 1 for Ra< 2800 I
and M = I +~ (Ra—2800)~for Ra> 2800, representingthe 0 I I

ratio of the state of rest temperaturedifferenceacrossan in- 1000 2000R2
ternally heatedplane layer (or sphere)to that which would be ~ 1km)
associatedwith motions,M is an “inverse” Nusselt number.For
Ra> 3 x 10°,theexperimentalpointstend to lie on the low side Fig. 3. The central temperatureT, calculatedasa function ofthe chosenradiusA for two bodiesR5 1000 km and R2
ofthecurve.Thiscouldbeattributedto theincreasein horizontal

2000 km. The curves are not drawnquantitatively correct.scaleof the motionswhich hasnot beenallowed for in deriving
this function and the velocity in the boundarylayer becoming
progressively less than the averagevelocity. In any casethe encesset up acrossunshearedlayersof thickness~d
magnitudeof this discrepancydoes not significantly alter the and~ by the supplyof heat.Hence

main conclusionsof this paper.
M = -~-d~

(Ra>>Ra0) flows are interesting to the physicist in
that they do havevaluesdeterminedwithin closelimits where x is ameanhorizontal distancetraveled by the
by theboundaryconditions.It is on onesuchquantity, fluid particles.By quite generalarguments(LANDAU,

the horizontallyaveragedtemperaturedifferenceacross 1959),the velocityis known tovaryas(K/d)(Ra— Ra0)~,
a convectinglayerof depth ‘d’ uniformly heatedfrom andboththeoryandobservationagreeon a numerical
within, that we shall concentrate.Theresultsof experi- coefficient of the order 0.25 to computean average
ments, necessarilyperformed with plane horizontal velocity in the layer. Putting x = d and substituting,
layers,andexpressedin non-dimensionalfOrm by refer- wehave
enceto thestateofrestsolutionfor thelayer,aregivenasa

M 1 +~ (Ra— Ra~)~,Ra > Ra0, (3)
plot of M (Pr,Ra),whereMis theratio ofthetemperature
droppacrossthe layerwith no motion to theobserved an expressionthat roughly approximatesthe data
(average)drop.The dependenceof the function M on within the observedrangeof Ra and,as we shall see,
the Prandtlnumberis small whenPr ~‘ I andthemeas- the rangeof principal interestin our presentproblem.
urementsfor Pr 100 (see fig. 2) are thoughtto be It shouldbe notedthatwe havemadenoassumptions
closely representativeof the behaviourat any larger aboutthe form of the velocity field below the thermal
value.To seethis andto make the necessaryextension boundarylayer, exceptthat its horizontal scalebe of
to sphericalgeometry,we only require arudimentary the sameorder as the depth.Consideringthe spherical
theoryof M. The form of the equationspermitsus to case,providing 5 is much smallerthantheradiusof the
draw an analogywith viscous boundarylayer theory sphereandthe variationof fluid propertieswithin the
andto introducea characteristiclength 5, thethickness sphereis not such as would significantly restrict the
of a thermal boundary layer (Pr~gives the ratio of motion to a sphericalshell, eq. (3) should also be a
viscous andthermal boundarylayer thicknesses).The good approximationto a function giving the ratio of
analogyallowsusto supposethat themotionof aparcel temperaturedifferencebetweenthe centreand surface
of the fluid is adiabatic(apart from its internal heat of a spherein a stateof rest andin a stateof motion

9.
sources)unless it is within a distanceö of the upper In the particular modelsnow under consideration, the decrease

surface.For largePrandtlnumbers,thethermalbound- ofviscosity with depth ensuresthat all of asphere with Ra(A) >
Ra is involved in the motion. When we come to considertheary layer is not appreciablyshearedandwe maythink plausible effect of pressure,we find that one can sometimes

of the quantityM astheratio of thetemperaturediffer- expect the principle motions to occur in a sphericalannulus.
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Fig. 4. The (minimised) central temperatureT~as a function of the model external radius for two values of the heat source
density: curve 1: H = 1.6x 10—14 cal/cm

3 s; curve 2: H = 5 x 10b5 cal/cm3 . s. Other material parametersare k = 102
cm2/s,v,, = l0~cm2/s ‘ °C,Elk = 34800 =C, C,, = 1o~erg/g’ C, a = 2>< 10° ~‘c ~. The steeplyrising curves on the left are
steadystateof rest solutions— unstablewheredotted. Pointsto noteare the relative independenceof T~from R whenR~ 800km

and the surprisingly low values of 1’, — despitea choiceof Elk that is on thehigh sideof the representativepoint.

In any case,I havemadecalculationswith a plausible enablesus to definea radiusAM for theconvectivecore
rangeof choicesfor the numericalcoefficientin eq. (3), andan effective Rayleigh numberRa(AM) for themo-
but again I found that the main conclusionsof this tions within it. This is sufficient information to plot a
paperarenot significantlyaffected. horizontally averagedtemperatureprofile andto cal-

Thefunction M enablesus to calculatefor any choice culatesuch quantitiesas meanspeed,non-hydrostatic
of 4 a centraltemperature stressandkinematicviscositythroughoutthe core and
T(A) = T(A)+Mt (T(0)—T(A)) = T(4)+M’ AT, hencefor the whole of the planetaryinterior.

It shouldbe realisedthat AM is not meantto define

andif this is plotted,we get the typical curveshownin precisely the radial limits of motion, but rather the
fig. 3. depthat which the meantemperatureprofile diverges

WhenRa onlyexceedsRa
0for a smallrangeof 4,the significantly from the state of rest solution.This dis-

radialextentandgeneralcharacterof themotionis well tinction is particularly significantwhenAM differs f’rom
defined;we notethat its Rayleigh numberandradial the externalradiusR by only a small fractionof R— as

extent may be defined as that which minimises the it doesfor modelsaslargeastheEarth.Thenon-hydro-
central temperatureT0(A). For larger bodiesin which staticstressesin thisoutermostshell is in placesraised
one finds Ra (A) > Ra1 for a wide rangeof A, thereisa by a factor R/(R—AM) abovethe valuesin thecon-
problem to decide the radial extent of the motion. I vectivezone, andsincethis canbe shownto approach
havetreatedthis problem,at leastfor thesemodels,by
introducing an assumptionthat the motion is always In neglectingthis variationfor 0 < r < A, I havetendedto over-

to estimateby a small factor the temperatureincreaseacrossthethat which minimises the centraltemperature . This . .convectivecore region.However, since the temperaturerisecal-
With appropriatedefinition of M and Ra, we expectan expres- culated with this assumptionis small comparedwith the varia-
sion closely approximatingeq. (3) to apply in that casealso tions of the estimatesof central temperaturethat follow from
(seeTOZER, 1967). different choices of material parameters,this seemsjustified.
10 Sincethetemperaturemust increasetowardsthecentre,there However, if the viscosityincreaseswith pressurethe procedure
is always a decreasein theviscositywith depthin thesemodels, can becomemorecomplicated (seebelow).
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Fig. 5. The central temperatureT
0 as a function of the heat sourcedensity H for a body of external radius 1740 km. The two

curvesbifurcating from the stateof rest solution on the left are for two materialsthat bracketthe plausiblerangeof creepbe-
haviour: curve1: v0 = 1O~cm

2/s =C, Elk = 34000 C; curve2: v
0 = 102 cm

2/s ‘ =C, Elk = 21000 C. Other parametervalues
areasin the captionto fig. 4. One shouldnote how small are the valuesof H for which a stablestateof restsolutioncanbe found,
and the independenceof T

1 from H, the “boiling point” phenomenonreferred to in the text. The temperaturedifference of
curves1 and2 almostexactlycompensatesfor thedifferentviscosity—temperaturerelationships.

the valuesthat one might plausiblygive for the shear the behaviourof thesehighly non-linearproblems,and
modulus~ of this layer, we do notexpectits deforma- to enablehim to makea rapidassessmentof the solu-
tion to be adequatelydescribedby the presentviscous tion for his own choiceof valuesfor thematerialpara-
models. It is unfortunatethata precisedynamicsof the meters.By containingthe first realattemptto assessthe
regionmostaccessibleto observationis still beyondus, influence of a temperature-sensitiverheology on the
althoughcertaingeneralideasaboutits behaviourcan level of absolutetemperature,suchmodelsare the first
be suggested(seealso below), stepstowardsa radicallynew approachto planetary

It shouldbe addedthat althoughvariousarguments thermal problems.
canbe advancedin support of the assumptionabout It is immediatelyevidentfrom fig. 4 thatonceamodel
mi nimisi ngT1(zl)— nottheleastbeingtheinconsistencies hasbeenchosenlarge enoughfor its centralviscosity
that ariseunlessit is approximatelycorrect— it cannot to beincapableof stabilisinga stateof restsolution,the
be provedfrom the basic equationsof the problem. steadycentraltemperatureT0 becomescomparatively
Perhapsthe only way to judge such a tremendous independentof the model radiuswhenR ~ 800 km —

simplification of a very difficult problemis by the con- and hencedivergesrapidly from the values basedon
clusionsthat follow from its use.Certainly theseare stateof restor conductiontheoryarguments.In these
not critically dependenton it being precisely true. largerbodies (R ~ 800 km) that havefinite motions,

thereis alsolittle dependenceof the absolutetempera-
4. Discussion tures in the convective core on the exact value one

Someresults of the calculationsof the steadyslow choosesfrom theplausiblerangesofsomeofthemateri-
deformationproblem for the homogeneousspherical a! parameters.
modelsdescribedaboveare shown in figs. 4—7. These An exampleof this is shownin fig. 5 by a plot of the
shouldbe sufficientto give the readersomeinsight into centraltemperatureagainstthe heatsourcedensityH
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External Radius (in units of 1000 kml

Fig. 6. MeanconvectionvelocitiesAMIR in the convective coresasa functionof theexternalradiusR. The trendto higherveloci-
ties in larger bodieswould be halted, if not reversed,by the evolution of the convectivecore into a convectiveshell by pres-
sureeffects. This hasnot beenconsideredhere.There is a generalorderof magnitudeagreementat planetarysizeswith the veloci-

tiesassociatedwith thecontinentaldrift hypothesisfor theEarth.

I iI ~B 312I

Externat Radius (in units of 1000 kml

Fig. 7. The radiusof the convectivecores(seetext) expressedasa fractionof the external radius,for bodies of differentexternal
radius.The two curvesrefer to the sametwo sets of materialparametersusedin computing fig. 4. Notice how rapidly a con-
vectivecoreincreasesin size once a stateof rest solution becomesunstable.This reflects the difficulty of startingconvectionin a
small centralregionof a self gravitatingobject.This ability of the scaleofmotionsto grow in the directionof gravitationalaccelera-
tion accountsfor the central temperaturebeing so insensitive to heatingrates— unlike a laboratory experimentwherethe vertical
scaleis fixed by the bounding surfaces,i.e., chemicalinhomogeneity. It will now be seen how restrictedis the region of plane-

tary interiors in which a stateof rest solutionhas any validity.

for a model with approximatelythe lunar radius and bution. A clueto thisis containedin fig. 8, which shows,
for two materialswith viscosity parametersv

0 and for two materialswith heatsourcedensitiesdiffering by
Elk that one might take as bracketingtheir plausible a factor 3, but otherwiseidentical material para-
values — particularly of E/k. Beyond a value of H at meters,the kinematicviscosityat the radius

4M of the
which the stateof restsolution becomesunstable,the convectivecore asa function of the externalradius of
centraltemperaturechangesrelativelyslowly — thereis the model11.Thisclearly showsthatanyplausibleheat
evena small decreaseat first that canbe attributedto source density does not reducethe convective core
the difficulty of startinga small scaleconvectivemotion viscositiesof thesebodiesmuch below 10’s stokes.
at the centreof a self-gravitatingobject.Qualitatively, Othercalculationsshow this particularstatementto
one may describe this behaviouras a quasi boiling be correct when the other material parametersare
pointphenomenon— afteraninitial riseof temperature, variedthroughouttheir plausibleranges.Forexample,
additional heatingmostly makes the convective core the two materialschosento plot fig. 5 haveviscosities
largerandits motionsfaster, at, say, 750 K that differ by a factor of more than

Inrathermorepreciseterms,onemayaskwhatarethe i09, but the viscosity ratio within convective eores
material parameterswhich, if their valuesare varied composedof thesematerialsis, for plausiblevaluesof
within plausiblelimits significantlyalter this ‘plateau’ . . . .

1 For the smallest bodies with no convectivecores it is the
or ‘saturation’ phenomenonof the temperaturedistri- kinematic viscosity at the centre of the body.
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Fig. 8. The kinematicviscosity eitherat thecentreof a model planetor at thesurfaceof its convectivecore r = AM as a func-
tion of externalradius. The two curvescorrespondto the two heat sourcedensities usedin fig. 4, and the other material para-
metersare givensimilar values.This is an attemptto showhow thekinematicviscosity controlsthe thermal situation once a value

1022 stokeshasbeenattainedinside a planetaryobjectdue to increasingsize or heat sourcedensity. As mentionedin the text,
this rule appliesif othermaterialparametersareplausiblyvaried.

H,between10 and100.Thisbehaviourputsa complete- slightly fasterthan R2 andthe defining viscosity to
ly new slanton the problemof temperaturedetermina- continuouslydecrease.For bodies less thanabout 10
tion. In a crudeway, onecansaythat for any plausible km radius,theplateauis definedby a valueof viscosity
material the average temperaturerises with depth in the range in which it is changingenormouslyfast
accordingto a conductionor stateof restsolutionuntil (due to the factor tanh C(TM—T), i.e., the plateau
eitherthecentreof thebodyis reachedor thekinematic temperatureis TM. For laboratorysized objects,no
viscosityhasfallen to values 10~~stokes— whichever significant motion is ever thermally induced below
is reachedfirst. With any plausiblechoice of v

0, such Txt — evenin the ‘externally’ applied gravitationalfield
viscositiesare reachedsomewherebetween0.5 TM and of the Earth.Thiscombinedwith the factthat motions
0.8 TM. It may be notedthat the effect of changingthe are readily inducedif T> TM (dueto ‘2 being so much
thermalconductivityor the temperatureof the external smallerthan/~)enablesus to assessplausiblevaluesfor
surfaceis principallyto alterthe depthof the boundary TM by the ‘simple empiricalprocedures’mentionedin
of the convectivecore’

2. The lattereffect maybe taken the introduction.
asanindication thatdifferencesof temperaturebetween
equatorand pole on the external surfacedistort the 5. Time-dependentbehaviourof thehomogeneousmodels
sphericalcore ratherthanimpresshorizontaltempera- So far, we havebeenconcernedwith steadysolutions
ture differenceson its boundaryr AM. to the slow deformationproblem,andonemay ask if a

Thereaderwho maybepuzzledby the quasi ‘boiling good case can be madefor thinking that the present

point’ being determinedby a particularvalueof the thermal state of the terrestrial planets approximates
viscosity should realisethat it is only an approximate such solutions.We can discussthis by estimatingthe
way of expressinga complicatednon-linearbehaviour, timevariouspostulatedtemperaturedistributionstake
For example, if one were to considerobjects of de- to relax towardsthe steadysolutions.
creasingsize, one finds that the heat source density Let us first considera distribution lying well below
requiredto reachthe temperature‘plateau’ increases the steadystatedistribution — for exampleanisother-
12 Sincethe characteristicsof thecoremotion aredeterminedby mal statewith T = 300 K. We may now usethe fact
the effectiveRayleighnumber,a product of physicalparameters that for a plausiblechoice of materialparametersthe
includingviscosity one can see that it is a misdirection of effort . . .viscosity rises very rapidly below the steady state
to try and further reducetherelatively small plausiblerangesof
k, a, C,, and H. distribution— at 300 K it is > iO~°stokes— andweare
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thereforequite justified in usingconductiontheory to calculationsare a good approximationto the present
studythe relaxationprocessesto within temperatures thermalstateof thesebodies.
of theorder100 K of thesteadystate.Theplausibleheat
source densities and specific heats set characteristic 6. Extensionsof the homogeneousmodels
heatingrates 1 °Cevery few million years, andat With the knowledgewe now haveaboutthe behavi-
that rate the relaxationprocesswould take l0~y. our of modelswith temperaturedependentviscosities,
If suchanisothermalstateexisted4.5x iO~y ago and we candiscusstwo plausibleadditionsto their defini-
we makethe conventionalidentification of the heat tion which in many casesamountto little morethan
sourcedensitywith the activity of certain radioactive small refinementsto the abovemethodsof calculating
isotopes,thensteadystateconditionswould thenhave the presentthermal state.
beenreachedin times 2 x 108 y. Suchacalculation Thefirst I wish to discussis the ratherdiverseways
gives us confidencein believing the presentthermal in which the radial pressuregradient of the models

statewouldnotnowreflecta’cold’originofthesebodies.could modify the steadysolutionswe havecalculated
Let us now considerthe relaxationfrom a distribu- for thebasichomogeneousmodels.Thiscanhappenif:

tion abovethesteadystate— e.g. anisothermaldistribu- (1) the temperaturechangespurely by a pressure
tion with T = TM. In this case,the initial viscositiesare change— obviously only involved in thosesolutions
morethan 106 timesless 13 than thoseassociatedwith that havesomeradial motion;
the steady state,and one must expect a relatively (2) the six materialparametersthat essentiallydeter-
vigorousmotion to besetup (V> iO”~cm/s).I have mine the averagedpropertiesof the steadystatesolu-
madeanestimateof the relaxationtime by considering tions (seeabove)are regardedasvaryingwith pressure.
the cooling as a sequenceof quasistaticstates.Firstly, Thefirst of theseeffects is in fact alreadypresentin
onecomputesthe steadystatetemperaturedistribution the basicmodels,since
as a functionof increasingheatsourcedensityuntil one /aT\ ciT
reachesa temperaturedistributionthatcloselyapproxi- ~ = —~— ~ 0. (4)
matesthe initial temperaturedistribution (in this case S P P

TM) throughouttheinterior’4. A coolingrateataparti- Giventhe assumptionsaboutthe constancyof material
cular temperatureis thendefinedas the differencebe- parametersin thosemodels, onemayintegrateeq. (4)
tweenthe heatsourcedensity requiredto maintain it to find the temperaturerise ~Tif materialweretotravel
andthat which supportsthe final steadystatedistribu- all the way from the centreto the surface— an upper
tion, divided by the specificheatperunit volume.Such limit to the effect. We have,with T 1300 K,
calculationsindicate that the cooling time from T = fiT = it G C’ ci Tp R2 1 2 x io’~R2 (5)
TM to a distributioneverywherewithin about100 °Cof P

the steadystatevariesapproximatelyas the squareof Eventhis upperlimit for the temperaturerise doesnot
theradiusof the modelup to a radius of the order 600 becomecomparablewith the range of possibleestima-
km atwhich it ismorethan l0~y andthereafterdeclines tes of central temperature(~i 400 K — mainly due to
to a value 2 x 108 y for bodies having an external the range of plausible values for the parameters
radius greaterthan about 1500 km. Sincethesetimes v

0 andE/k) until R 5700 km. In fact moredetailed

are shorterthan the half lives of the principle heat calculationshavebeenmadewhich usethe theoretical
producing elements — as well as the expected age result that the Rayleighnumbershouldbe defined in
of the terrestrialplanets— I concludethat steadystate terms of the superadiabatictemperaturedifference
‘~ Formaterialneartheexternalsurface,thefactor is verymuch acrossa layer. If the minimising procedureto find the
greaterthan this, centraltemperatureis thenperformed,it may beshown
14 Theconvectivecore which is always nearlyisothermalinside , .

that the systematicerrorintroducedby ignoringcorn-
the relatively thin thermal boundarylayer, grows outward asH
is increasedand when its temperaturehasreachedTM, it is vir- pressionalheatingis muchsmallerthan the upperlimit
tually the whole body. Themotionsare so rapid that the quasi- given by eq. (5).
static treatmentseemsreasonable.It will beseenthat thecooling ,

. Of course this effect of compressionhas to be re-from someinitial distributions,e.g. thosewith dT/dr > 0, are
more awkwardto calculate, calculatedif what I have loosely called the second
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effect of pressureintroducesa systematicvariation of E dP d log E — U ci 6)
therelevantmaterialparameterswithdepth.Fromwhat — T ~i~i ~ i~i~ ~

we know from laboratoryexperimentto set plausible
rangesfor the pressurecoefficientsof the parameters = E dP (d log E —

K, ci, H, C,,, (Elk) andv
0,

1~onemay saythatfor bodies T dz \~dlog V
lessthanabout3000km in externalradiusthe solutions
maybe expectedto departinsignificantlyfrom that for Since this quantityis only involved (through the vis-
some constantmaterialparametermodel taken from cosity) in calculationsof themeantemperatureprofile
the plausiblevicinity of the representativepoint. For for the convectivecore, changesin the value of EIT
bodieslarger than this, the central pressurehas risen abovethis regionhave,in effect, beentakencareof by
to valuesat which it is plausible to assumethat the a suitably broad range of choicesfor E. What is of
densityhas beenincreasedby more than 10%. Not interest is whether the valuesof d(EIT)ldzforr < ~1~M

only does this produce change from any constant significantly alter the solution for that region. For the

parametersolution but it is also importantto enquire solutionsof the constantparametermodel 0 are only
whether such density incrementsare associatedwith marginallygreaterthanunity — particularlyin that part
significant changesin the valuesof the othermaterial of the convective core below the thermal boundary
parametersthat define the slow deformationproblem. layer — and since values in the range 1 .5—2.0 can be

Letusfirstassumethatthedensityandpressuredistri-plausiblyassignedto both d log Eld log Vand-y, it is
butionsfor the Earth’smantledefinethecompressibili- reasonableto believethat the effects of compressibility
ty of planetarymaterialat pressuresup to 1.5 Mbar on the kinematic viscosity are effectively cancelledby
and that thereare no changesin the othermaterial the rise of temperaturewith depth.Such perfectionof
parameters(ci, K, v

0, Elk, C,,, H). Calculationsby cancellationis destroyedif relatively rapid increasesin
PELTIER (1971)of the effectof finite compressibilityon density associatedwith phase transformationoccur
the stability of the stateof restof planelayerssuggest (cf. the interpretationsof the density profile in the
that the total incrementof density during compres- Earth’suppermantle).
sion to the Mbar range is insufficient to significantly Although experimentaldata indicate that neithery

changeresults basedon an assumptionof zero corn- nor d log El d log V would be systematicallyaffected
pressibility, and we may reasonablysupposethat the by phasetransformation,thereare importantchanges
effectof compressibilityaloneis unimportantfor bodies in /3 and 0. As explainedin TOZER (1959),during the
of the size of the terrestrialplanets. occurrenceof a first order phasechangethe volume

What appearsto be mostimportantare the changes changesandlatent heatsof the transitionaugmentthe

in the value of viscosity that are plausiblyassociated normal expansion coefficient and specific heat. For
with the density increases.Let us just considerthe the particularphasetransitionsthoughtto occur in the
variation of E/T with depthandexpressthe local rate Earth’smantlematerial,cilC~andhencethe local adia-
of changeof temperaturewith pressureas a multiple baticgradientis temporarilyincreasedby a factorof the
O of (äTl3P)5 = xTl(pC~).Then we have: order ten. In the samerangeof depths,the compressi-

d E 1 dE E dT bility /3 in eq. (6) is also increasedby a factor 10.
= — One can assessthe importanceof these abnormal

dz T T dz T
2 dz values in modifying the constantparametersolutions

5 . by looking forpossibleinconsistenciesof anassumption
- Onehasto be a little carefulaboutv

0. The aboveremarksare
basedon an estimateof the changesin 1,, associatedwith lattice that the pressure—temperaturerelationship remains
compressibility.However,/~, which might in somecircumstances unchanged.The valueof 0 dropsto 0,1, so that the
becalled the“crystal size” is not fixed by the local thermody- . .phasetransitionregionis stablystratifiedandcanonly
namicvariablesbut thepasthistoryof thematerial,Someauthors
haveassertedthat in a planetaryinterior I~might beenormously be disturbed by a sufficiently vigorous ‘penetrative’
larger than my choicebasedon the observationof surfacema- convection.The expressionin parenthesesin eq. (6)
terial. This is not strictly a pressureeffect and I ignoreit. It does . .becomespositive andwith the effect of a large/1 oneraiseagain thequestionof how much oneshouldignorelabora-
tory observations, calculatesfor a transitionregion similar to that which
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is thoughtto existin the Earth’smantlethat EIT would occur.Howeverfor the sakeof whatfollows oneneeds
increaseby 40 %. This would imply an increaseof to say that the only plausiblelocation for its initiation
kinematic viscosity by a factor iO~— 106, i.e., to a anddevelopmentare a few highly localisedregionsof
kinematicviscosity 10~~—1026 stokes. very much lower viscosity than averagethat can be

An inconsistencynow exists since such a value of predictedto occur as a result of viscousdissipationof
kinematicviscosityis sufficientto stabiliseasteadystate the motions in modelsthat exceedabout 1000 km in
of restsolutionfor thesphericalregionthat could exist external radius. This exclusive associationof heat
belowthe phasetransitionregion— evenif it weresome source differentiation with passageof the primitive
thousandsof kilometres in radius. Furthermore,the materialthrougha low viscositystaterestson theidea
combinedeffects of the viscosity increaseand stable that the heatsourcesare radiogenicnucleii partitioned
stratification preventsignificant ‘penetrative’ convec- betweenphasesof different density;suchlow viscosity
tion into this region from above.I concludethat if one zonesarethe onlyplacesin which the relativevelocities
considersa set of modelsof increasingexternalradius ofthe differentdensityphasescanplausiblybeexpected
with materialparametersnearthe representativepoint to exceedthe convectionvelocities— anecessarycon-
(defined above) but with the addition of a plausible dition for differentiation to develop. In this paper,I
phasetransition, we find that the ideaof a convective shall neglectall aspectsof the differentiation process
core is only applicablefor bodiesin the range800 km otherthan the geochemicallyplausibletendencyof the
~ R ~ 3000 km. For larger bodies,the motions be- heat sourcesto move upwardswith the least dense
comeeffectively confinedto a sphericalshell whose phases.I shallassumethat the differentiationprocessis
outerboundarygrowsonlyveryslightly fasterthan the slow in the sensethat at all timesthe convectivemo-
externalradius,t6but whoseinternalboundary(fixed tions themselvespreservean effectiveuniformity of the
by the depth of phase transition) grows relatively heatsourcedistribution within a zoneof convection.
rapidly sincethe meanpressuregradientin a model is The first point to noticeis that, in comparisonwith
nearlyproportionalto its externalradius. the stateof restsolutions,the temperaturedistribution

As onemight havesuspectedfrom knowledgeof the is relativelyinsensitiveto theheatsourcedensity(fig. 5).
solutionsfor smallerbodieswith convectivecores,the Therefore,the upwardmotion of quite largefractions
absolutetemperatureof the convectingshellsis essen- of the initial heatsourcedistribution (~ 516 for a body
tially fixed by the viscosity attaining a value 10~°of the sizeof theMoonandevenmoreforlargerbodies)
stokes, (The particular case of the lower boundary canoccurbeforethecentraltemperaturesissignificantly
being 600 km deepwasconsideredin TOZER (1967)as affected,anda stateof restbecomesa stablesolutionof
an Earthmodel.) In fact, it is reasonableto treatthe the slowdeformationproblem.However,the complete
interior region of the planet as a separateproblem cessationof motion throughoutthe interior would be
whose‘external’ temperatureis fixed by the viscosity— onlythelastpointofasteadydownwardmigrationofthe
temperaturerelationship of the material outside it. outerboundaryof the convective zone. During that
Although the existenceof chemicalinhomogeneityin migration,theexternalsurfaceofthebodybecomespro-
the larger terrestrialplanetsmay makeit an academic gressivelyless susceptibleto disruption by the stresses
point, it seemsthat for the abovemodelswith external associatedwith motionin theconvectionzone.Further-
radii greaterthanabout5000 km therecouldbe a cen- more, the sourceregionsof the differentiationprocess
tral convectivecoreaswell asa thin convectiveshellno necessarilymove downward, i.e. to a level of higher
morethanabout750km thick neartheexternalsurface. hydrostaticstress,andthis could leadto a systematic

The only otherextensionof the constantparameter changewith timeof themineralogyandcompositionof
modelsthat I wishto discusshereis thespatialdifferen- the differentiatingmaterial’ ‘~.

tiationanddecayof the heatsourcedensity.This is not From the amount of energy that is available for
the place to discussin detail how differentiationcan viscousdissipation(g ci L (H — 11

0)lC,,perunit volume)

~ When R—AM is small comparedwith R, asit is for models ‘‘ Due to the effects of differentiationon the viscosity—temper-

with R~ 1500 km. we have R—AMapproximatelyproportional aturerelationship, the problem is more complicatedthan mdi-
to R ~, catedhere.It will bediscussedatgreaterlength ina separatepaper.
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it may be calculatedthat the rate at which material would only remarkof the observationsandtheoryof
couldpassthrougha low viscositystatein which sepa- creepbehaviourthat strainrateversusstresscurvesare
ration might plausibly occur (v 106 stokes?)is not convextowardsthestressaxis andthat the estimatesof
greaterthana few km3ly, so that the fractional rateof plausibleNewtonianviscositiesin this paperare based
changeof the meanheatsourcedensityof the convec- on estimatesof the slopeof the tangentsto suchcurves
tion zoneswould be no morethan

109_10t0 y~, at the origin. The inclusionof non-Newtonianbehavi-
comparablewith the rate of decayof

40K, but quite our will tend to increaserather thandiminish the al-
sufficientto produceimportantchangesin the position ready big discrepanciesthat exist betweenthe conclu-
of convectionzonesovera few milliard years. sionsof this paperandthe resultsof heatconduction

theory appropriatefor an infinite creepresistance.
7. Conclusions An importantconclusionof thispaperis the manner

My concernin this paperhasbeento assesssomeof in which the sensitivity of the steadytemperaturefield
the consequencesof assumingthat the materialforming to differentchoicesof the materialparametersdepends
the terrestrialplanetshas a plausibledegreeof creep strongly on the external radius of the model body.
resistance.What is perhaps most remarkableabout Havingregardto thefinitenessof therangeof plausible
this singleassumptionis that the thermalproblem of choices,onemaysay that if the external radiusis less
planets,indeedany system,is immediately seento be thanabout800 km the heatsourcedensityandthermal
embeddedin and merely one facet of a much larger conductivity are the only materialparametersdefining
problem of dynamics.The mathematicalstructureof the internaltemperature.For largerexternalradii, this
this theory is fundamentallydifferent as well as of a exclusivedependenceon two parametersbecomescon-
different orderof complexity from the classicaltheory fined to a shell of rapidly diminishing thicknessthat
of heat conductionthat has dominatedthinking on formsthe outermostpartsof thebody(fig. 7). Thetern-
planetarythermalproblems.Difficult andsubtleques- peraturein thecentralregionis determinedwithin close
tions aboutthe uniquenessandstability of a solution limits by the choiceof a viscosity—temperaturerelation-
mustbe answeredto be confidentthat onesresults are shipsinceits steadykinematicviscosity is alwaysin the
not only quantitatively correctbut physically impor- vicinity of 1020 stokes. Within this region of finite
tant. As has happenedin atmosphericdynamics — motions, which changesto an annulus of only some
anotherbranchof geophysicswith the samedifficulties hundredsof kilometres thick on the outsideof the
— the degreeof non-uniquenessstronglyinfluencesone’s model planetas the choiceof its external radiusis in-
selectionof observationsworthy of a quantitative creasedfrom about3000km to 6000 km, onecalcu-
physical interpretation and which observationsare, latesthat themeanspeedof motion is l06_107 cm/s
like today’sweather,the provinceof the datacollector andthe meannonhydrostaticstressesare 1—10 bar. It
and forecaster. It should also curb the impulse to should be noted that theseparticular figures do not
producedetailednumericalsolutionsof theseproblems. vary significantly for the numetically plausibleranges

All conclusionsin this paperare basedon the re- of the materialparameters.
presentationof the creep behaviour of planetary A study of time-dependentbehavioursuggeststhat
material by a Newtonian viscosity, exponentially the evolutionof a model from any oneof an extremely
varyingwith temperature.To thosewho feel that such wide rangeof initial conditionswould bring it closeto

anassumptionis a priori illegimate I would saythat the the steadysolutions in times no greaterthan a few
scientificmethod onlyjudgeshypothesesby the results 108 y. Such a rapid responsecomparedwith the time
that theyproduce.I haveindicatedthat the Newtonian constantsof radioactivedecayand that expectedfor
theory is best seenas the theoryof slow deformation spatial differentiation suggeststhat steadystate ar-
and is complementary to the Hookean postulate gumentsdescribe,as for stars,a ‘main sequence’of
covering fast deformationsof materialswith fading evolution.Only bodieswith massesgreaterthanabout
memory.The latterhasbeenusedwith greatsuccessin 1025 g canenter this particularmain sequenceif they
some branchesof seismologywithout protestations havean approximatelymeteoriticcomposition.If they
that it is not the ‘true’ behaviourof ‘real’ materials.I are of the size of the terrestrialplanets,they spend
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rather more than l0~~~lOiy passing through this unableto placemorethanan upperlimit on the value

sequencebeforebecoming‘dead’ objectst8~ Since the of horizontallyaveragedelectricalconductivityat these
capacity to extensivelydifferentiatewould seemto be depths,andthis in turn placesa plausibleupperlimit
wholly dependenton the body entering this ‘main of 1200 °Con the temperature(TOZER, 1970).
sequence’,the creationas well as the retentionof an Lava production has sometimesbeen invoked as
environment suitable for the developmentof life is evidencethatuppermantletemperaturesarejustbelow
probablyconfinedto bodies of at leasta few 1000 km the solidus— a concept(like ‘partial melting’) that is a
radius. left overfrom thedayswhenit wasthoughtpossibleto

There is no needfor specific commentabout the classifymatterin a few mutually exclusiverheological
viscosities,velocities andnon-hydrostaticstressesthat categories.Theweaknessof this argumentis particular-
havebeenderivedfor modelsof planetsotherthan the ly apparentwhenit is rememberedthat thenew theory
Earth, exceptto saythat one’sconfidencein thesepre- predicts that low viscosity material at much higher
dictions stem directly from their insensitivity to the (several100°C)temperaturesthanthe averagewould be
choiceof numericalvaluesfor materialparameters.At producedby viscousdissipationandinamountssimilar
least,we can now say that a single classof plausible to thatestimatedastotallavaproductionby vulcanolo-
Earth models adequatelyaccountsfor diverse geo- gists.Theevidencefrom seismologythatpartialmelting
physicalobservations. is occurringin the uppermantleI dismisson thegrounds

Regarding the predicted horizontally averaged that with a modernview of materialrheologyonecan-
temperaturefields of models representingdifferent not place any limits on the temperaturewith such a
membersof the solarsystem,we cansay that the first concept.
realtestof theseideascamefrom lunarresearchwhere There are some implicit featuresof these solutions
calculationshadindicatedthat, evenwith veryoptimis- that shouldbe briefly mentioned.The first two reflect
tic estimatesof resistanceto creep, the internal tern- on the way the currentcrazefor geokinematicsis con-
peraturesshould be rather less than 1000 °C. fusing importantissues,by usingeverydaylanguageto
Studies of lunar electromagneticinductionhavemdi- expressthe behaviourof a very unfamiliar domain of
cated an internal electrical conductivity distribution dynamicalbehaviour.It is readilycalculatedthat the
that is only reconcilablewith such low temperatures. effectiveReynoldsnumberof the solutionsis extremely
The caseof the Earth is interestingin that at a time small (~

10_i 8) andit follows that, unlike thethermal
when the motion of outer portions of the Earth is boundarylayers,a purely formalcalculationof viscous
widely accepted,popularideason the thermalstateof boundarylayer thicknessesgives lengthsmuch greater
its interior date from an epochwhen no motion was than the overall dimensionsof the system.A little re-
dogma. flection should convince the readerthat this result,

If we dismiss the conductiontheoryargumentson expressedin everydaylanguage,would be that every
the grounds of their inconsistencywith current geo- part of the systemis tightly coupledto the rest. The
physical ideas on dynamics,we are left with a few notion that the deeperpartsof a planetarymodel are
indirect observationsthat do not significantly conflict ‘decoupled’ from the surfacematerial is a dynamical
with my prediction that horizontally averagedtem- nonsense.Similarly, the conceptof a ‘collision’, i.e.
peraturesdown to depthsof several 100 km do not couplinglimited in time andspace,needsclarification.
exceed1000°C— they couldevenbeseveral100°Cless. I havealreadymentionedthata testof theconsisten-
For example,interpretationsof the varying magnetic cy of a viscous model for the sameregion to which
fields at the Earth’s surfacethat are dependenton an elasticparametersare alsoassignedis that the strainbe
internal electricalconductivity distribution havebeen verysmallin a timer (= ~/j~). Forall planetarymodels,

there is a surfaceregion — ratherthinner thanR—AM —In a star, a precisethermal equilibrium is maintainedin the
presenceof a temperature-sensitiveheat productionby the ca- in which this conditioncannotbesatisfied,In alectureI
pacity of the object to changeheat productionby a changein gavein Toronto in 1964, I pointedout that thedivision
its size. For a planet, thermal equilibrium in the presenceof . . . .of the Earthinto regionsthat did or did not passthis
fixed heatsourcesis maintainedby a highly temperature-sensitive
processof heat transmissionto the outside. consistencytestwas far more dynamically significant
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than the Mohorovièié discontinuity then favoured, planelayer (or sphere)for the stateof rest so-
Theplausibleinferencethat in regionsin whichconsist- lution andfor that actuallyobserved(orexpec-
ency does not exist the deformationmay be crudely tedtobeobserved).Onemight call it aninverse
describedas domainsof rigid body motion has been Nusseltnumber
confusedby the conceptof ‘rigid’ plates,whosemost P pressure
notablecharacteristicseemsto bea tendencyto change Pr Prandtlnumber(= v~c)

size andbend.Of course,wordsare not in themselves R externalradius
important, but this description of an instantaneous r radiusvariable
kinematicsituation by a rheologicalconcepthas per- Ra(A) Rayleigh number based on a state of rest
sistentlygiven the impressionthat the surfacemotions solutionfor a sphereradiusA
are morehighly constrainedthan is in fact the case. Ra1 critical valueof Rayleighnumberusedto mark

The otherpoint I wish to consideris theexistenceat the onsetof instability of a stateof rest
the presenttime of a ‘liquid’ core in the Earthand S specific entropy
possiblyother bodies.Although the normal interpre- T temperature
tationof suchregionsis that the shearmodulusis zero, T1 temperatureat the centreof a planet
I shall takethe position that the shearmodulusis not TM parameterappearingin viscosity relationship
changedby a large factor; but ‘liquidity’ meansthat to thermodynamicconditions

= tj/p is much less than theperiodofseismicdisturb- L~T temperaturedifferencebetweenthe centreand
ances.Suchan interpretationimplies themaintenance r = A for a stateof restsolution
for milliards of yearsof viscositiesvery much less than V volume
thosecharacterisingsteadysolutionsof the slowdefor- v velocity of convectivemotions
mationproblem. It may be shown that the only pos- ci coefficientof volume expansion
sihiereasonableway would befor theregionoutsidethe /3 compressibility
‘liquid’ coreto haveanactivationenergyE (or a TM) for y Grüneisen’sparameter(= ci/(p /3 Ci,)

the viscositymorethan 30~ greaterthan that for the A radius variable used in computing Rayleigh
core. If we are to believe the estimatesof TM for the numbers
lowermantle,we cannotsatisfythis inequalitywith the

4M valueof radius variableA for which onecorn-
TM suggestedfor a pureiron core. The inequality can putesa minimum central temperature
be satisfied if some TM reducingelement, such as (5 thermal boundary layer thickness
sulphur,is mixed with the iron. coefficientof shearviscosity

thermaldiffusivity
Explanation of symbols V kinematic viscosity (= tj/p)
A. B, C material parametersappearing in relations ~t shearmodulus

expressingthe dependenceof kinematic vis- p massdensity
cosityon temperature stressrelaxationtime

C,, specific heatat constantpressure to planetaryangularvelocity
E thermalactivationenergyfor thecreepprocess
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